Abstract. Let G be a locally compact, σ-compact group. We prove that the equivariant KK-theory, KK G , is the universal category for functors from G-algebras to abelian groups which are stable, homotopy invariant and split-exact. This is a generalization of Higsons characterisation of (non-equivariant) KK-theory.
of G-algebras, i.e. j and p are equivariant * -homomorphisms, p is surjective, j injective and im j = ker p. We say that the extension splits equivariantly when there is a equivariant * -homomorphism s : (A, γ) → (E, β) such that p • s = id A .
Let now F be a covariant functor from the category of G-algebras to the category of abelian groups. We say that F is homotopy invariant when ϕ * = ψ * whenever ϕ, ψ : (A, α) → (B, β) are homotopic equivariant * -homomorphisms. We say that F is split-exact when it turns an extension of G-algebras, (2.1), which splits equivariantly via s : (A, γ) → (E, β), into a short exact sequence 0 − −− → F (J, α) To define the notion of stability for F , let K denote the C * -algebra of compact operators on a separable infinite dimensional Hilbert space, and let e be a minimal non-zero projection in K. Let (A, α) be a G-algebra and let β : G → Aut A⊗K be an action of G on A⊗K which makes (A⊗K, β) into a G-algebra and ϕ(a) = a⊗e, a ∈ A, into an equivariant * -homomorphism ϕ : (A, α) → (A ⊗ K, β). If, in all such cases, the resulting map ϕ * : F (A, α) → F (A ⊗ K, β) is an isomorphism, we say that F is stable.
With these definitions we can state the main results of the paper as follows.
Proposition 2.1. Let D be a G-algebra. Then KK G (D, −) is a covariant functor from the category of G-algebras to abelian groups which is homotopy invariant, stable and split-exact.
Theorem 2.2. Let F be a covariant functor from the category of G-algebras to abelian groups which is 1. homotopy invariant, 2. stable, and 3. split-exact . It follows that for every G-algebra A and every element d ∈ F (A), there is a unique natural transformation of functors, T :
In this theorem the element 1 A ∈ KK G (A, A) is the element represented by the identity map of A.
Proofs
In the following we shall extend certain * -homomorphisms between C * -algebras to maps between the multiplier algebras. Recall that a * -homomorphism ψ : A → B between C * -algebras is quasi-unital when span ψ(A)B = qB for some projection q in the multiplier algebra M(B). ψ is quasi-unital if and only if ψ admits an extension ψ : M(A) → M(B) which is strictly continuous on the unit ball of M(A). In particular, when (A, α) is a G-algebra we have automatically a representation α of G as automorphisms of M(A). In general, G g → α g (m) is only strictly continuous, and not norm-continuous.
Lemma 3.1. Let A be a G-algebra and let
be an extension of G-algebras. Let (E, ϕ, F ) be an equivariant Kasparov A, B-module and assume that p * (E, ϕ, F ) is a degenerate equivariant Kasparov A, C-module (in the sense of [K2] , §4.1). It follows that
where E is the Hilbert J-module {e ∈ E : < e, e > ∈ J}, ϕ (·) = ϕ(·)| E , F = F | E and the representation of G on E is the restriction of the representation of G on E.
Proof. The proof is the same as in the non-equivariant case, see [Sk] , Lemma 3.2.
We can now begin the proof of Proposition 2.1 : The homotopy invariance of KK G (D, −) is a wellknown property and follows from the definition of KK G in a straightforward way, cf. [K3] . Stability : Let (A, α) and (A ⊗ K, β) be G-algebras and e ∈ K a minimal projection making ϕ(a) = a ⊗ e an equivariant * -homomorphism.
where A ⊗ eK is a trivially graded Hilbert A ⊗ K-module in the obvious way and the representation of G is simply the restriction of β to A ⊗ eK. Give A ⊗ Ke the structure of a trivially graded Hilbert A-module with A-valued inner product < x, y > = ϕ −1 (x * y). Let again the representation of G be given by restricting β. Define ψ : A ⊗ K → L A (A ⊗ Ke) by ψ(x)y = xy and note that (ψ, A ⊗ Ke, 0) is then an equivariant Kasparov A ⊗ K, Amodule. (Here and in the following, L A (E) will denote the C * -algebra of adjoinable operators of a Hilbert A-module E.) We claim that
where • denotes the Kasparov product, cf. [K3] . (Note that we write the factors in a Kasparov product in an order which is the opposite of the one used by Kasparov.) To prove (3.1), define an isomorphism of equivariant Kasparov A, A-modules (A ⊗ eK)⊗ ψ (A⊗Ke) → A by (a 1 ⊗ek 1 )⊗ ψ (a 2 ⊗k 2 e) → ϕ −1 (a 1 a 2 ⊗ek 1 k 2 e). This gives the first identity. Define an isomorphism of equivariant Kasparov A⊗K, A⊗K-modules,
This gives the second identity. The stability of KK G (D, −) follows straightforwardly from (3.1).
Split-exactness : Note first that the known half-exactness results, [K1] , [BS] , are not quite general enough to give us this for free, so we include a proof. Consider the extension (2.1) of G-algebras and let s : (A, γ) → (E, β) be an equivariant splitting for the sequence. Let π : E → M(J) be the * -homomorphism determined by the extension and note that π • β g = α g • π, g ∈ G. Consider J ⊕ J as a Hilbert J-module in the obvious way and let (x, y) → (x, −y) be the grading operator.
. Consider E ⊕ E as a Hilbert E-module in the obvious way and let (x, y) → (x, −y) be the grading operator. Define a representation S of G on E ⊕ E by S g (x, y) = (β g (x), β g (y)) and define
G (E, E) and from [K3] we know that [E ⊕ E, ψ,
In particular, if x ∈ KK G (D, E) is in ker p * , we have that
is a short exact sequence which splits via s * .
Let (A, α) be G-algebra. A strictly continuous unitary α-cocycle is a strictly continuous map u : G → U (M(A)) ( = the unitary group of M(A)) such that u e = 1 and
Given a strictly continuous unitary α-cocycle we define a new pointwise normcontinuous action uαu
(This construction is due to Connes, cf. [C] , Lemme 2.2.6.) If now F is a stable covariant functor from the category of G-algebras to abelian groups, both S A * and T A * are isomorphisms and we get in this way an isomorphism
We shall need the following two lemmas about this construction. The first describes the isomorphisms u 
is given by taking the Kasparov product with z.
is given by taking the Kasparov product with an element of KK G (A, A) which is represented by the same triple (id A , A, 0), but with a representation W given by
where ψ(x)y = xy, the grading is trivial and the representation of G is given by restricting δ u . The class of the map
represented by the triple (
, where the grading is trivial and the representation of G is again the restriction of δ u . Hence u
, is represented by the Kasparov product of these two modules. This product is easily seen to be isomorphic to the equivariant Kasparov A, A-module described in the statement. b) is proved similarly.
Lemma 3.3. Let ϕ : (A, α) → (B, β) be an equivariant * -homomorphism and u :
To prove Theorem 2.2 we shall need the following description of the equivariant KK-groups which is the analogue of Higson's picture of the (non-equivariant) KKgroups, [Hig] .
Let (A, α) and (B, β) be G-algebras.
and 5. the map G g → u + g − u − g is continuous in norm. Two equivariant A, B-cocycles, (ϕ ± , u ± ) and (ψ ± , v ± ), are isomorphic when there is an β ⊗ id K -equivariant automorphism γ ∈ Aut(B ⊗K) such that (γ •ϕ ± , γ(u ± )) = (ψ ± , v ± ). In the following we identify two G-equivariant A, B-cycles when they are isomorphic. We let E G (A, B) denote the set of (isomorphism classes of) equivariant A, B-cocycles. An equivariant A, B-cocycle, (ϕ ± , u ± ), is degenerate when ϕ + = ϕ − = 0. The set of degenerate equivariant A, B-cocycles is denoted by
, where π 0 , π 1 : C[0, 1] ⊗ B → B are evaluation at 0 and 1, respectively.
2 ). We need to know that, up to homotopy, this addition is independent of the choice of V 1 , V 2 .
From the proof of Lemma 1.3.7 in [K-JT] we get a strictly continuous path U t , t ∈ [0, 1], of β ⊗ id K -invariant unitaries in M(B ⊗ K) connecting U to 1. This gives us the desired homotopy.
By using Lemma 3.4 we can define an equivalence relation ∼ on E G (A, B) such that x ∼ y if and only if there are degenerate equivariant A, B-cocycles d 1 , d 2 ∈ D G (A, B) with x+d 1 is homotopic to y+d 2 . In the obvious notation we can define a composition
We will now show that this gives E G (A, B)/ ∼ the structure of an abelian group which is isomorphic to KK G (A, B).
Given an equivariant A, B-cocycle, (ϕ ± , u ± ), we can construct an equivariant Kasparov A, B ⊗ K-module, (E, ϕ, F ), in the following way. Consider E = (B ⊗ K) ⊕ (B ⊗ K) as a right B ⊗ K-module in the obvious way, and let the grading operator be (x, y) → (x, −y). Define ϕ : A → L B⊗K (E) by
. Then W is a continuous representation of G since u ± are strictly continuous unitary β ⊗ id K -cocycles. It is straightforward to check that (E, ϕ, F ) is indeed a graded equivariant Kasparov A, B ⊗ K-module, and we denote it by Φ(ϕ ± , u ± ). Theorem 3.5. E G (A, B)/ ∼ is an abelian group and the map
Proof. It is clear that Φ is a welldefined map which preserves the compositions. It therefore suffices to show that Φ is both surjective and injective. Surjectivity : Let (E, ϕ, F 0 ) be an equivariant Kasparov A, B ⊗ K-module. Let W denote the given representation of G as linear grading preserving bijections on E such that 1.
Note that by Remark 2 on page 156 of [K3] we may (and shall) assume that
Furthermore, it is assumed, in [K3] , that the map G g → W g F 0 W g −1 is continuous in norm, but this is now known to be automatic, cf. Theorem 1.1.4 of [T] . As above we consider (
is an equivariant Kasparov A, B ⊗ K-module which is degenerate in the sense of Kasparov, [K2] . Then
is homotopic, in the sense of Kasparov, [K3] , to (E, ϕ, F 0 ). The proof of this is the same as in the non-equivariant case, see e.g. [K-JT] Since the corresponding representation of G on (B ⊗ K) ⊕ (B ⊗ K) is gradingpreserving it must be of the form
where S and V are continuous representations of G as linear bijections on B ⊗ K satisfying the same relations as W above. But then also
is a continuous representation of G as linear grading preserving bijections satisfying the same relations. By adding on the degenerate equivariant Kasparov A, B ⊗ Kmodule ((B ⊗K)⊕(B ⊗K), 0, 0), with the representation of G given by W , and using Kasparov's stabilization theorem again we see that [E, ϕ, F 0 ] is also represented by an equivariant Kasparov A, B ⊗ K-module of the same form, ((B ⊗ K) ⊕ (B ⊗ K), ψ, F 1 ), as above, but where now the corresponding representation of G on (B ⊗K)⊕(B ⊗K) is of the form
where S is a representation of G as linear bijections satisfying the same relations as
in the obvious way we have that F 1 is of the form
By considering the same homotopies as in the non-equivariant case, [Bl] , Proposition 17.4.3, or [K-JT] , p. 125, we may assume that x = y * and that x ≤ 1. Furthermore, by adding on the degenerate equivariant Kasparov A, B ⊗ K-module, ((B ⊗ K) ⊕ (B ⊗ K), 0, 0), where the representation of G on (B ⊗ K) ⊕ (B ⊗ K) is the same as the one occuring in the module ((B ⊗ K) ⊕ (B ⊗ K), ψ, F 1 ), and performing the same homotopy as in the non-equivariant case, cf. [Bl] , 17.6, [Hig] , Lemma 3.6, [K-JT] , p. 126, we end up with a graded equivariant Kasparov A, B ⊗ K-module of the same form, ((B ⊗ K) ⊕ (B ⊗ K), ψ, F 1 ), as above, but where
Then U is an automorphism of graded Hilbert B ⊗ K-modules and we transfer the entire structure via U . The result is that [E, ϕ, F 0 ] is represented by an equivariant Kasparov A, B ⊗ K-module of the form
The corresponding representation of G has the form W g (x, y) = (S + g x, S − g y), where the two representations S ± of G on B ⊗ K satisfy that
Thus u ± g are unitaries for each g and the fact that S ± are representations translates into the relations u ± e = 1, a) ) for all a, g, we have that (ψ ± , u ± ) ∈ E G (A, B). In particular, the relation u + g − u − g ∈ B ⊗ K follows from the fact that
and the normcontinuity of u + g − u − g follows from the normcontinuity of
As
, we have shown that Φ is surjective.
. This means that there is an equivariant Kasparov A, C[0, 1]⊗B-module (E, κ, F ) which is a homotopy between Φ(ϕ ± , u ± ) and Φ(ψ ± , v ± ). By performing the same string of alterations to (E, κ, F ) as in the proof of surjectivity we get an element (κ ± , w ± ) ∈ E G (A, (A, B) . This equivariant A, B-cocycle is, by construction, of the following form : There is a degenerate equivariant A, B-cocycle (0, 0,
and π 0 ⊗ id K (w ± ) are determined by the conditions that
for all x ∈ B ⊗ K and all g ∈ G. S must be of the form S(x, y) = S 1 x + S 2 y where
is a unitary such that U V i = S i , i = 1, 2. Since the unitary group of M(B ⊗ K) is connected in the strict topology, we can find a strictly continuous path of unitaries
strictly continuous path of isometries with S
t (x) for all x ∈ B ⊗ K and all g ∈ G. This gives us a homotopy in
. By using the same arguments at the other end of the homotopy we find that (
We make E G (A, −)/ ∼ functorial by transforming the functoriality of KK G (A, −) over by using Theorem 3.5. We don't need to know what the Kasparov product looks like in this picture, but we need, as a minimum, a description of the functoriality of E G (A, −)/ ∼ with respect to unital equivariant * -homomorphisms. So let λ : (B, β) → (B 1 , β 1 ) be a unital equivariant * -homomorphism between unital G-algebras. It is easy to see that the resulting map λ * :
We can now begin the proof of Theorem 2.2 : Let x = (ϕ ± , u ± ) ∈ E G (A, B). As in [Hig] we consider the C * -algebra
Define an embedding j : B ⊗ K → A x by j(b) = (0, b) and a surjection p :
With a slight abuse of notation we let also γ u ± g denote the restriction of γ
are two extensions of G-algebras. They both split equivariantly; the one corresponding to the +-sign via
and the other via
Note that u g (a, m) = (a, u − g u + * g m) defines a norm-continuous γ u + -cocycle u in M(A x ) which we may also consider, with an abuse of notation in the same spirit as before, as a norm-continuous γ u + -cocycle in M(B ⊗ K). Define now
given by s B (b) = b ⊗ e for some minimal non-zero projection e in K. This is possible since p(u g ) = 1 for all g and hence β) ) only depends on the homotopy class of x in E G (A, B) . To see this, let y = (ψ ± , v ± ) ∈ E G (A, B) be homotopic to x, and let z = (Φ ± , U ± ) ∈ E G (A, C[0, 1] ⊗ B) be a homotopy between x and y. This gives us straightforwardly a commuting diagram of the following form :
Note that all maps involved are equivariant and that the map λ :
(by Lemma 3.3)
Similar considerations give that π 1 * • Ψ z = Ψ y and hence Ψ x = Ψ y by the homotopy invariance of F .
To show that Ψ x only depends on the class of
Consider the equivariant * -homomorphisms
where We have now shown that the transformation T : KK G (A, −) → F (−) given by
where ξ : E G (A, B)/ ∼ → KK G (A, B) is the isomorphism of Theorem 3.5, has all the properties listed in Theorem 2.2.
To establish the uniqueness of the transformation, let Λ x denote the transformation Ψ [x] applied to the functor KK G (A, −), i.e. we set
This is possible by Proposition 2.1. We claim that Λ x (1 A ) = ξ[x] for all x ∈ E G (A, B). To see this, note first that Lemma 3.1 and Lemma 3.2 combined shows that 
